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Abstract
Stone, Michael and Morita have given various equivalent conditions for normal covers of topological spaces. Here, as an ana-
logue of the classic characterization, we give some characterizations for normal covers of rectangular products in terms of cozero
rectangles. Moreover, we apply our characterizations to consider the base-paracompactness of rectangular products.
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1. Introduction
An open coverO of a topological space X is normal if there is a sequence {Un} of open covers of X such that Un+1
is a star-refinement of Un for each n ∈ ω, where U0 =O.
We may well know the following characterization of normal covers of topological spaces. For example, it is seen
in [1, p. 122], [5, Theorems 1.2 and 1.4] and [7, Theorem 1.2] etc.
Theorem 1.1 (Stone–Michael–Morita). Let X be a topological space and O an open cover of X. Then the following
are equivalent:
(a) O is normal.
(b) O has a σ -locally finite cozero refinement.
(c) O has a σ -discrete cozero refinement.
(d) O has a locally finite cozero refinement.
(e) O has a locally finite, σ -discrete, cozero refinement which has a shrinking consisting of zero-sets.
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inequalities in dimension theory
dim(X × Y) dimX + dimY and Ind(X × Y) IndX + IndY.
In this paper, we give some characterizations analogous to the Stone–Michael–Morita’s Theorem above for nor-
mal covers of rectangular products. Moreover, we can apply these characterizations to the base-paracompactness of
rectangular products as well as in [21].
Throughout this paper, all spaces are topological spaces without any separation axiom. However, paracompact
spaces are assumed to be Hausdorff.
2. Structural lemmas
Let X be a space and U a cover of X. A cover V of X is called a refinement of U if each member of V is contained
in some member of U . A cover {WU : U ∈ U} of X is called a shrinking of U if WU ⊂ U for each U ∈ U . Let A be
a collection of subsets in X and let B = {BA: A ∈A}. We say that B is a partial shrinking of A if BA ⊂ A for each
A ∈A. We say that B is a swelling of A if A ⊂ BA for each A ∈A.
Let X×Y be a product space. A subset of the form A×B in X×Y is called a rectangle. For a subset R in X×Y ,
R′ and R′′ denote the projections of R into X and Y , respectively. It is clear that R = R′ × R′′ iff R is a rectangle
in X × Y . A rectangle R is called a cozero rectangle (zero rectangle) if R′ and R′′ are cozero-sets (zero-sets) in X
and Y , respectively. Note that R is a cozero rectangle (zero rectangle) in X × Y iff it is a cozero-set (zero-set) and a
rectangle in X × Y . A cover G of X × Y is said to be cozero rectangular (respectively, zero rectangular, rectangular)
if each member of G is a cozero rectangle (respectively, zero rectangle, rectangle) in X × Y .
A product space X×Y is said to be rectangular [14] if every finite cozero cover (equivalently, every normal cover)
of X × Y has a σ -locally finite cozero rectangular refinement (see [6, Lemma 1]).
Structural Lemma I. Let X × Y be a product space and O a cozero rectangular cover of X × Y . Suppose that there
is a zero rectangular cover {Fα × Kα: α ∈ Ωn and n ∈ ω} of X × Y , satisfying
(a) {Fα: α ∈ Ωn} is discrete in X and has a discrete swelling consisting of cozero-sets in X for each n ∈ ω,
(b) for each α ∈ Ωn,n ∈ ω, there is some Oα ⊂O in X such that
(i) O ∈Oα implies Fα ⊂ O ′, and
(ii) {O ′′: O ∈Oα} is locally finite in Y and covers Kα .
Then O has a locally finite, σ -discrete, cozero rectangular refinement G such that G has a zero rectangular shrinking.
Proof. The proof is obtained by a modification of that of [21, Lemma 3.2]. However, for the accuracy, we mainly
restate the part of inductive construction.
Let Fn = {Fα: α ∈ Ωn} for each n ∈ ω. By (a), for each n ∈ ω, there are three discrete swellings {Wα,i : α ∈
Ωn}, i ∈ 2, and {Lα: α ∈ Ωn} of Fn in X, satisfying for each α ∈ Ωn,
(iii) Wα,0 and Wα,1 are cozero-sets in X,
(iv) Lα is a zero-set in X,
(v) Fα ⊂ Wα,0 ⊂ Lα ⊂ Wα,1.
Now, for each n ∈ ω, we will construct a collection Gn of cozero rectangles, two collections Sn and Zn of zero
rectangles, a function ϕnn−1 :Zn → Zn−1 and a sequence {Hk(Z): Z ∈ Zn}, k ∈ ω, of swellings of Zn consisting of
cozero rectangles, satisfying the following conditions:
(1) Gn is locally finite and σ -discrete in X × Y .
(2) Sn is a partial shrinking of Gn.
(3) Zn is locally finite and σ -discrete in X × Y .
(4) {H0(Z): Z ∈Zn} is locally finite and σ -discrete in X × Y .
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(6) For each Z ∈Zn, Z =⋂k∈ω Hk(Z) and Hk+1(Z) ⊂ Hk(Z) ⊂ Hk(ϕnn−1(Z)) (k = 0,1, . . .).
(7) (⋃in Si ) ∪Zn covers X × Y .
(8) Each member of Gn is contained in some member of O.
(9) ⋃Gn ⊂⋃{Hn−1(Z): Z ∈Zn−1}.
(10) For each Z ∈Zn, Z′ meets at most one member of Fn.
(11) For each Z ∈Zn and for each α ∈ Ωn, Z′ ∩ Fα = ∅ implies Z′′ ∩ Kα = ∅.
Assume that we have already constructed the above ones for i  n.
Fix a Z ∈ Zn. First, assume that Z′ meets ⋃Fn+1. Take any α ∈ Ωn+1 with Fα ∩ Z′ = ∅. Let Oα =
{Uλ × Vλ: λ ∈ Λα}.
Let Λα(Z) = {λ ∈ Λα: (Uλ ×Vλ)∩ (Fα ×Kα)∩Z = ∅}. For each λ ∈ Λα(Z), by (i) in (b), there are a cozero-set
Bλ,α and a zero-set Cλ,α in X such that
Fα ∩ Z′ ⊂ Bλ,α ⊂ Cλ,α ⊂ Uλ ∩ Wα,0 ∩ Hn(Z)′.
By (ii) in (b), {Vλ: λ ∈ Λα(Z)} ∪ {Y  (Kα ∩Z′′)} is a normal cover of Y . So we may assume from Theorem 1.1 that
{Vλ: λ ∈ Λα(Z)} is not only locally finite but also σ -discrete in Y . Since⋃{Vλ: λ ∈ Λα(Z)} is a cozero-set containing
a zero-set Kα ∩ Z′′ in Y , there are two zero-sets M(Z,α) and N(Z,α) in Y such that M(Z,α) ∪ N(Z,α) = Z′′ and
(viii) Kα ∩ Z′′ ⊂ Z′′ N(Z,α) ⊂ M(Z,α) ⊂ (⋃{Vλ: λ ∈ Λα(Z)}) ∩ Z′′.
Moreover, there is a locally finite and σ -discrete collection {Dλ: λ ∈ Λα(Z)} of zero-sets in Y such that
(vi) Dλ ⊂ Vλ ∩ Z′′ for each λ ∈ Λα(Z), and
(vii) ⋃{Dλ: λ ∈ Λα(Z)} = M(Z,α).
Here, for each λ ∈ Λα(Z), let
Zλ(α) =
(
(Lα Bλ,α) ∩ Z′
)× Dλ and
H0
(
Zλ(α)
)= (Wα,1 × Vλ) ∩ H0(Z).
Let Z(α) = (Lα ∩ Z′) × N(Z,α) and H0(Z(α)) = (Wα,1 × Y) ∩ H0(Z). Moreover, let Z∗ = (Z′ ⋃{Wβ,0: β ∈
Ωn+1}) × Z′′ and H0(Z∗) = H0(Z).
Now, for the Z ∈Zn meeting ⋃Fn+1, we put
Zn+1(Z) =
{
Zλ(α): λ ∈ Λα(Z) and α ∈ Ωn+1 with Fα ∩ Z′ = ∅
}
∪ {Z(α): α ∈ Ωn+1 with Fα ∩ Z′ = ∅}∪ {Z∗},
Gn+1(Z) =
{(
(Uλ ∩ Wα,0) × Vλ
)∩ Hn(Z): λ ∈ Λα(Z) and α ∈ Ωn+1 with Fα ∩ Z′ = ∅}, and
Sn+1(Z) =
{
Cλ,α × Dλ: λ ∈ Λα(Z) and α ∈ Ωn+1 with Fα ∩ Z′ = ∅
}
.
For each Z ∈Zn disjoint from ⋃Fn+1, we put Zn+1(Z) = {Z} and Gn+1(Z) = Sn+1(Z) = {∅}. Here, letting Z range
over Zn, we put
Zn+1 =
⋃{Zn+1(Z): Z ∈Zn}, Gn+1 =⋃{Gn+1(Z): Z ∈Zn} and
Sn+1 =
⋃{Sn+1(Z): Z ∈Zn}.
The function ϕn+1n :Zn+1 →Zn is defined by ϕn+1n (Zn+1(Z)) = {Z} for each Z ∈Zn.
For each Ẑ ∈ Zn+1 with ϕn+1n (Ẑ) = Z, that is, Ẑ ∈ Zn+1(Z), we can choose a sequence {Hk(Ẑ)} of cozero
rectangles such that Ẑ =⋂k∈ω Hk(Ẑ) for each Ẑ ∈Zn+1 and Hk+1(Ẑ) ⊂ Hk(Ẑ) ⊂ Hk(Z) for each k ∈ ω. Thus, we
have constructed the desired Gn+1,Sn+1, 〈Zn+1, ϕn+1n 〉 and {Hk(Ẑ): Ẑ ∈Zn+1}k∈ω. Then all the conditions (1)–(11)
are satisfied. We have completed the induction.
Let Hn,k =⋃{Hk(Z): Z ∈ Zn} for each n, k ∈ ω. Then we can establish the same claims as in the proof of [21,
Lemma 3.2]:
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⋂
n∈ω(
⋃Zn) = ∅.
Claim 2.
⋃Zn =⋂k∈ω Hn,k =⋂k∈ω Hn,k for each n ∈ ω.
Let G =⋃n∈ω Gn and let S =⋃n∈ω Sn. It follows from Claim 1 and (7) that S covers X × Y . Hence, by (1), G is
a σ -discrete cover X × Y . By (2), S is a zero rectangular shrinking of G. By (8), G is a cozero rectangular refinement
of O. It is shown in the same way as in the last part of the proof of [21, Lemma 3.2] that G is locally finite in X × Y .
Hence G and S are the desired ones. 
Under the assumption of paracompactness of X and Y , the conditions of the above lemma become somewhat
simpler as follows.
Structural Lemma II. Let X and Y be paracompact spaces. Let O be an open cover of X × Y . Suppose that there is
a closed rectangular cover {Fα × Kα: α ∈ Ω} of X × Y , satisfying
(c) {Fα: α ∈ Ω} is a σ -locally finite closed cover of X,
(d) for each α ∈ Ω , there is a collection Vα of open sets in Y such that
(i) Vα covers Kα , and
(ii) for each V ∈ Vα , there is a finite collection UV of open sets in X such that Fα ⊂⋃UV and U ×V is contained
in some member of O for each U ∈ UV .
Then O has a locally finite, σ -discrete, cozero rectangular refinement which has a zero rectangular shrinking.
Proof. By (c), we can let Ω =⋃n∈ω Ωn such that {Fα: α ∈ Ωn} is locally finite in X for each n ∈ ω. Take an n ∈ ω.
Since X is subparacompact, note that there is a σ -discrete closed cover {Eξ : ξ ∈ Ξn} of X such that each Eξ meets
at most finitely many member of {Fα: α ∈ Ωn}. Let us consider
R= {(Eξ ∩ Fα) × Kα: ξ ∈ Ξn, α ∈ Ωn and n ∈ ω}
instead of {Fα ×Kα: α ∈ Ω}. Then {Eξ ∩Fα: ξ ∈ Ξn, α ∈ Ωn and n ∈ ω} is a σ -discrete closed cover of X. It is clear
that R covers X × Y . Moreover, it is easily seen that the condition (d) is satisfied. Thus, without loss of generality,
we can assume that {Fα: α ∈ Ω} is σ -discrete in X. Since X is paracompact, the condition (a) in Structural Lemma
I is clearly satisfied. Moreover, by the normality of X and the paracompactness of Y , for each α ∈ Ω , it is easy to
construct a collection {Uλ,i × Vλ: i  kλ and λ ∈ Λα} of cozero rectangles such that
(iii) Fα is contained in Uλ for each λ ∈ Λα , where Uλ =⋃ikλ Uλ,i ,(iv) {Vλ: λ ∈ Λα} is locally finite and σ -discrete in Y and covers Kα ,
(v) each Uλ,i × Vλ is contained in some member of O.
It follows from Structural Lemma I that the cozero rectangular cover {Uλ × Vλ: α ∈ Λα and α ∈ Ω} of X × Y has a
locally finite, σ -discrete, cozero rectangular refinement which has a zero rectangular shrinking. Hence also O has this
kind of a refinement. 
3. X-rectangular products
A product space X × Y is said to be X-rectangular [13] if every finite cozero cover O of X × Y has a cozero
rectangular refinement G such that πX(G) = {G′: G ∈ G} is σ -locally finite in X (where G,H ∈ G with G = H
means that G′ and H ′ are considered as different members even if they are coincided as a set).
Lemma 3.1. A product space X ×Y is X-rectangular if and only if every finite cozero cover O of X ×Y has a cozero
rectangular refinement G such that πX(G) = {G′: G ∈ G} is σ -discrete in X.
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rectangular refinement {Uλ ×Vλ: λ ∈ Λn and n ∈ ω} ofO such that {Uλ: λ ∈ Λn} is locally finite in X for each n ∈ ω.
Take an n ∈ ω. For each λ ∈ Λn, there are two sequences {Uλ,i} and {Fλ,i} of cozero-sets and zero-sets, respectively,
in X satisfying
(i) Uλ,i ⊂ Fλ,i ⊂ Uλ for each i ∈ ω, and
(ii) Uλ =⋃i∈ω Uλ,i =⋃i∈ω Fλ,i .
Take an i ∈ ω. It follows from (i) and [5, Theorem 3.17] ([9, Proposition 4.2] or [12, Lemma 5.6]) that {Uλ,i : λ ∈ Λn}
is uniformly locally finite in X. That is, there is a σ -discrete cozero cover {Wα: α ∈ Ωn,i} of X such that each Wα
meets at most finitely many members of {Uλ,i : λ ∈ Λn}. Let
Gn,i =
{
(Wα ∩ Uλ,i) × Vλ: α ∈ Ωn,i and λ ∈ Λn
}
.
Note that πX(Gn,i) = {Wα ∩Uλ,i : α ∈ Ωn,i and λ ∈ Λn} is σ -discrete in X. Now, we let G =⋃{Gn,i : n, i ∈ ω}. Then
each member of G is a cozero rectangle in X × Y contained in some member of O, and πX(G) = {G′: G ∈ G} is
σ -discrete in X. It is easily seen that G is a cover of X × Y . 
Remark. X-rectangular products were originally defined for Tychonoff products in [13]. In the case of a Tychonoff
product X × Y , the proof of Lemma 3.1 can be obtained by a modification of that of [13, Theorem 2.2]. However, the
assumption that Y is Tychonoff is necessary in his proof, because the Stone– ˇCech compactification βY of Y has to be
used there.
Theorem 3.2. Let X × Y be an X-rectangular product and O an open cover of X × Y . Then the following are
equivalent:
(a) O is normal.
(b) O has a σ -locally finite cozero rectangular refinement.
(c) O has a σ -discrete cozero rectangular refinement.
(d) O has a locally finite cozero rectangular refinement.
(e) O has a locally finite, σ -discrete, cozero rectangular refinement which has a zero rectangular shrinking.
Proof. (e) → (d) → (b) → (a) and (e) → (c) → (b): Obvious.
(a) → (e): Let {O1,O2} be a binary cozero cover of X × Y . By the assumption and Lemma 3.1, there is a coz-
ero rectangular refinement {Uλ × Vλ: λ ∈ Λn and n ∈ ω} of {O1,O2} such that {Uλ: λ ∈ Λn} is discrete in X
for each n ∈ ω. Take an n ∈ ω. For each λ ∈ Λn, there is a sequence {Fλ,i × Kλ,i} of zero rectangles such that
Uλ × Vλ =⋃i∈ω Fλ,i × Kλ,i . Then we can see that {Fλ,i × Kλ,i : λ ∈ Λn and n, i ∈ ω} satisfies all the conditions of
Structural Lemma I. Hence {O1,O2} has a locally finite, σ -discrete, cozero rectangular refinement G which has a zero
rectangular shrinking Z .
Let O = {Oξ : ξ ∈ Ξ} be a normal cover of X × Y . We may assume that O is a locally finite, σ -discrete, cozero
cover of X×Y . There is a shrinking {Sξ : ξ ∈ Ξ} ofO consisting of zero-sets. For each ξ ∈ Ξ , since {Oξ ,X×Y Sξ }
is a binary cozero cover of X×Y , it follows from the above that there is a locally finite, σ -discrete, cozero rectangular
refinement Gξ which has a zero rectangular shrinking Zξ = {ZG: G ∈ Gξ }. Let G+ξ = {G ∈ Gξ : G ⊂ Oξ } and Z+ξ =
{ZG: G ∈ G+ξ } for each ξ ∈ Ξ . Then we have Sξ ⊂
⋃Z+ξ ⊂⋃G+ξ ⊂ Oξ . Here, we let G+ =⋃{G+ξ : ξ ∈ Ξ} and
Z+ =⋃{Z+ξ : ξ ∈ Ξ}. It is easy to check that G+ and Z+ are the desired ones. 
It is pointed out in the proof of [17, Theorem 1] that if X is a metric space, then the rectangularity of X×Y implies
the X-rectangularity. So we have
Corollary 3.3. Let X be a metric space. Let X × Y be a rectangular product and O an open cover of X × Y . Then
the following are equivalent:
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(b) O has a σ -locally finite cozero rectangular refinement.
(c) O has a σ -discrete cozero rectangular refinement.
(d) O has a locally finite cozero rectangular refinement.
(e) O has a locally finite, σ -discrete, cozero rectangular refinement which has a zero rectangular shrinking.
Remark. If a product space X × Y is not rectangular, there is a normal cover of X × Y which has no σ -locally finite
cozero rectangular refinement. In fact, there is a non-rectangular product with a metric factor (see [16,17]). So we
cannot exclude the assumption of rectangularity of X × Y in Corollary 3.3.
Consider the case that O is a countable normal cover which has a countable, cozero rectangular refinement. Then,
applying Structural Lemma I directly, we can obtain the following without any assumption of X × Y .
Proposition 3.4. Let O be a normal countable cover of a product space X × Y . Then the following are equivalent:
(a) O has a countable, cozero rectangular refinement.
(b) O has a locally finite, countable, cozero rectangular refinement.
(c) O has a locally finite, countable, cozero rectangular refinement which has a zero rectangular shrinking.
4. Products with a σ -space factor
Recall that a regular T1-space X is a σ -space if there is a σ -discrete closed net of X.
Theorem 4.1. Let X be a paracompact σ -space and Y a space. LetO be a normal cover of X×Y . Then the following
are equivalent.
(a) O has a σ -locally finite cozero rectangular refinement.
(b) O has a σ -discrete cozero rectangular refinement.
(c) O has a locally finite cozero rectangular refinement.
(d) O has a locally finite, σ -discrete, cozero rectangular refinement which has a zero rectangular shrinking.
Proof. We only show (a) → (d): Let F = {Fα: α ∈ Ω} be a σ -discrete closed net of X, where each Fα is non-empty.
We may assume that O = {Uλ ×Vλ: λ ∈ Λn and n ∈ ω} is a σ -locally finite cozero rectangular cover of X×Y , where
{Uλ × Vλ: λ ∈ Λn} is locally finite in X × Y for each n ∈ ω. For each λ ∈ Λn,n ∈ ω, there is a sequence {Lλ,k} of
zero-sets in Y such that Vλ =⋃k∈ω Lλ,k . For each α ∈ Ω,n ∈ ω and k ∈ ω, we put
Kα,n,k =
⋃
{Lλ,k: λ ∈ Λn with Fα ⊂ Uλ}.
By Fα = ∅, note that {Vλ: λ ∈ Λn with Fα ⊂ Uλ} is locally finite in Y . It follows from [10, Lemma 2.3] that each
Kα,n,k is a zero-set in Y . Since X is perfectly normal, each Fα is also a zero-set in X. Let
E = {Fα × Kα,n,k: α ∈ Ω and n, k ∈ ω}.
Each member of E is a zero rectangle in X × Y . Since X is paracompact, the condition (a) in Structural Lemma I is
clearly satisfied. For each α ∈ Ω and each n, k ∈ ω, we put
Gα,n,k = {Uλ × Vλ: λ ∈ Λn with Fα ⊂ Uλ}.
Then we have Kα,n,k ⊂ ⋃{Vλ: λ ∈ Λn with Fα ⊂ Uλ} = ⋃{G′′: G ∈ Gα,n,k}. As stated above, {G′′: G ∈ Gα,n,k}
is locally finite in Y . Clearly, G ∈ Gα,n,k implies Fα ⊂ G′. So the condition (b) in Structural Lemma I is satisfied.
We show that E covers X × Y . Pick any (x, y) ∈ X × Y . Take some n0 ∈ ω and μ ∈ Λn0 with (x, y) ∈ Uμ × Vμ.
Since F is a net of X, there is an Fδ ∈ F such that x ∈ Fδ ⊂ Uμ. Choose k0 ∈ ω with y ∈ Lμ,k0 . Then we have
(x, y) ∈ Fδ ×Lμ,k0 ⊂ Fδ ×Kδ,n0,k0 ∈ E . Hence E covers X × Y . Thus it follows from Structural Lemma I that O has
a locally finite, σ -discrete, cozero rectangular refinement which has a zero rectangular shrinking. 
Theorem 4.1 yields the following extension of Corollary 3.3.
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Then the following are equivalent:
(a) O is normal.
(b) O has a σ -locally finite cozero rectangular refinement.
(c) O has a σ -discrete cozero rectangular refinement.
(d) O has a locally finite cozero rectangular refinement.
(e) O has a locally finite, σ -discrete, cozero rectangular refinement which has a zero rectangular shrinking.
By the proof of [11, Theorem 4.1] (or [21, Lemma 2.1]), the conditions (c) and (d) in Structural Lemma II are
satisfied for a paracompact Σ -space X and a paracompact P -space Y . So, by this lemma, we have
Theorem 4.3. If X is a paracompact Σ -space and Y is a paracompact P -space, then every open cover of X × Y has
a locally finite, σ -discrete, cozero rectangular refinement which has a zero rectangular shrinking.
Comparing Theorems 4.1 and 4.3, it is natural to raise the following question.
Question. Can “σ -space" be replaced by “Σ -space" in Theorem 4.1?
5. Products with a factor defined by topological games
Telgársky [18] introduced the topological game G(DC,X), where DC denotes the class of all spaces which have a
discrete cover consisting of compact sets.
According to [4], a function s from the family of all closed sets in X to itself is called a winning strategy for player I
in G(DC,X) if it satisfies
(a) s(F ) ∈ DC and s(F ) ⊂ F for each closed set F in X,
(b) if {Fn} is a decreasing sequence of closed sets in X such that s(Fn)∩Fn+1 = ∅ for each n ∈ ω, then⋂n∈ω Fn = ∅.
A space X is said to be DC-like if there is a winning strategy for player I in G(DC,X).
Lemma 5.1 (Terasawa). Let C be a compact Hausdorff space and Y a space. If O is a normal cover of C × Y , then
there are a family {Uλ: λ ∈ Λ} of finite cozero covers of C and a locally finite cozero cover of {Vλ: λ ∈ Λ} of Y such
that {U × Vλ: U ∈ Uλ and λ ∈ Λ} refines O.
This is found in [2, Lemma 1] and [8, Theorem 2.5].
Theorem 5.2. Let X be a paracompact DC-like space and Y a space. Let O be a normal cover of X × Y . Then the
following are equivalent.
(a) O has a σ -locally finite cozero rectangular refinement.
(b) O has a σ -discrete cozero rectangular refinement.
(c) O has a locally finite cozero rectangular refinement.
(d) O has a locally finite, σ -discrete, cozero rectangular refinement which has a zero rectangular shrinking.
Proof. We only have to show (a) implies (d). Let s be a winning strategy for player I in G(DC,X). We may assume
that O is a σ -locally finite cozero rectangular cover of X × Y .
Now, for each n ∈ ω, we will construct a collection Gn of cozero rectangles, two collections Sn and Zn of zero
rectangles, a function ϕnn−1 :Zn → Zn−1 and a sequence {Hk(Z): Z ∈ Zn}, k ∈ ω, of swelling of Zn consisting of
cozero rectangles, satisfying the following conditions:
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(2) Sn is a partial shrinking of Gn.
(3) Zn is locally finite and σ -discrete in X × Y .
(4) {H0(Z): Z ∈Zn} is locally finite and σ -discrete in X × Y .
(5) For each Z ∈Zn, Z ⊂ ϕnn−1(Z).
(6) For each Z ∈Zn, Z =⋂k∈ω Hk(Z) and Hk+1(Z) ⊂ Hk(Z) ⊂ Hk(ϕnn−1(Z)) (k = 0,1, . . .).
(7) (⋃in Si ) ∪Zn covers X × Y .
(8) Each member of Gn is contained in some member of O.
(9) ⋃Gn ⊂⋃{Hn−1(Z): Z ∈Zn−1}.
(10) For each Z ∈Zn, s(ϕnn−1(Z)′) ∩ Z′ = ∅.
Assume that we have already constructed the above ones for i  n.
Take a Z ∈Zn and fix it. By the assumption of s, there is a discrete collection {Cα: α ∈ ΩZ} of compact sets in Z′
(so in X) such that s(Z′) =⋃{Cα: α ∈ ΩZ}. Since X is paracompact, there are three discrete swellings {Wα,i : α ∈
ΩZ}, i ∈ 2, and {Lα: α ∈ ΩZ} of {Cα: α ∈ ΩZ} in X, satisfying for each α ∈ ΩZ ,
(i) Wα,0 and Wα,1 are cozero-sets in X,
(ii) Lα is a zero-set in X,
(iii) Cα ⊂ Wα,0 ⊂ Lα ⊂ Wα,1.
Take an α ∈ ΩZ . Note that{
O ∩ (Cα × Y): O ∈O with O ∩ (Cα × Z′′) = ∅
}∪ {Cα × (Y Z′′)}
is a normal cover of Cα × Y consisting of cozero rectangles. By Lemma 5.1, there are a collection {Uλ,i : i  kλ and
λ ∈ Λα} of cozero-sets in Cα and a locally finite collection {Vλ: λ ∈ Λα} of cozero-sets in Y such that
(iv) Cα =⋃ikλ Uλ,i for each λ ∈ Λα ,
(v) Z′′ ⊂⋃{Vλ: λ ∈ Λα} ⊂ Hn(Z)′′,
(vi) each Uλ,i × Vλ is contained in Oλ,i ∩ (Cα × Y) for some Oλ,i ∈O.
Moreover, since {Vλ: λ ∈ Λα} ∪ {Y  Z′′} is a normal cover of Y , we may assume that {Vλ: λ ∈ Λα} is locally
finite and σ -discrete in Y . Since Cα is a compact subset of a Tychonoff space X, Cα is C-embedded in X (for
example, see [3, p. 43]). For each λ ∈ Λα and i  kλ, there is a cozero-set U∗λ,i in X such that U∗λ,i ∩ Cα = Uλ,i
and U∗λ,i ⊂ O ′λ,i ∩ Wα,0 ∩ H0(Z)′. Since X is normal, there is a finite closed cover {Eλ,i : i  kλ} of Cα such that
Eλ,i ⊂ Uλ,i for each i  kλ. Moreover, there are two swellings {Bλ,i : i  kλ} and {Dλ,i : i  kλ} of {Eλ,i : i  kλ} in
X such that for each i  kλ,
(viii) Bλ,i is a cozero-set in X,
(ix) Dλ,i is a zero-set in X,
(x) Eλ,i ⊂ Bλ,i ⊂ Dλ,i ⊂ U∗λ,i .
Since {Vλ ∩ Z′′: λ ∈ Λα} is a locally finite, σ -discrete, cozero cover of the zero-set Z′′ in Y , there is a locally finite,
σ -discrete, collection {Fλ: λ ∈ Λα} of zero-sets in Y such that
(xi) Fλ ⊂ Vλ ∩ Z′′ for each λ ∈ Λα and
(xii) ⋃{Fλ: λ ∈ Λα} = Z′′.
For each α ∈ ΩZ and each λ ∈ Λα , let
Zλ(α) =
((
Lα 
⋃
ikλ
Bλ,i
)
∩ Z′
)
× Fλ and H0(Zα,λ) = (Wα,1 × Vλ) ∩ H0(Z)′.
Let Z∗ = (Z′ ⋃{Wα,0: α ∈ ΩZ}) × Z′′ and H0(Z∗) = H0(Z). Moreover, we let
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Gn+1(Z) = {U∗λ,i × Vλ: i  kλ, λ ∈ Λα and α ∈ ΩZ} and
Sn+1(Z) = {Dλ,i × Fλ: i  kλ, λ ∈ Λα and α ∈ ΩZ}.
Here, letting Z run over Zn, we put
Zn+1 =
⋃{Zn+1(Z): Z ∈Zn}, Gn+1 =⋃{Gn+1(Z): Z ∈Zn} and
Sn+1 =
⋃{Sn+1(Z): Z ∈Zn}.
The function ϕn+1n :Zn+1 → Zn is defined by ϕn+1n (Zn+1(Z)) = {Z} for each Z ∈ Zn. Then each member of Gn+1
is a cozero rectangle and each member of Zn+1 and Sn+1 is a zero rectangle in X × Y . Take any Ẑ ∈ Zn+1 with
ϕn+1n (Ẑ) = Z, that is, Ẑ ∈ Zn+1(Z). There is a sequence {Hk(Ẑ)} of cozero rectangles such that Ẑ =
⋃
k∈ω Hk(Ẑ)
and Hk+1(Ẑ) ⊂ Hk(Ẑ) ⊂ Hk(Z) for each k ∈ ω. Thus, we have constructed the desired Gn+1,Sn+1,Zn+1, ϕn+1n and
{Hk(Ẑ): Ẑ ∈Zn+1 and k ∈ ω}. It is easily verified that the conditions (1)–(10) are satisfied.
Claim 1.
⋂
n∈ω(
⋃Zn) = ∅.
The proof is obtained by the similar way to the combination of the proofs of Claims 1 and 2 in the proof of [19,
Theorem 2.1].
Let Hn,k =⋃{Hk(Z): Z ∈Zn} for each n, k ∈ ω.
Claim 2.
⋃Zn =⋂k∈ω Hn,k =⋂k∈ω Hn,k for each n ∈ ω.
The proof is the same as that of Claim 2 in the proof of [21, Lemma 3.2].
Let G =⋃n∈ω Gn and S =⋃n∈ω Sn. It follows from Claim 1 and (7) that S is a cover of X × Y . So, by (1), G is a
σ -discrete cover of X×Y . By (2), S is a zero rectangular shrinking of G. By (8), G is a cozero rectangular refinement
of O. Moreover, in the same way as the last part of the proof of [21, Lemma 3.2], we can verify that G is locally finite
in X × Y . Hence G and S are the desired ones. 
If a Hausdorff space X is subparacompact and C-scattered or it has a σ -closure-preserving cover consisting of
compact sets, then player I has a winning strategy for G(DC,X), that is, X is DC-like (see [18, Theorems 9.7 and
14.7]). So the following is an immediate consequences of Theorem 5.2.
Corollary 5.3. Suppose that a paracompact space X is C-scattered or has a σ -closure-preserving cover consisting of
compact sets and Y is a space. Let X×Y be a rectangular product andO an open cover of X×Y . Then the following
are equivalent:
(a) O is normal.
(b) O has a σ -locally finite cozero rectangular refinement.
(c) O has a σ -discrete cozero rectangular refinement.
(d) O has a locally finite cozero rectangular refinement.
(e) O has a locally finite, σ -discrete, cozero rectangular refinement which has a zero rectangular shrinking.
6. Base-paracompactness of rectangular products
A Hausdorff space X is said to be base-paracompact [15] if there is a base B of X such that |B| = w(X) and every
open cover of X has a locally finite refinement consisting of members of B.
Proposition 6.1. Let X and Y be base-paracompact spaces. Assume that every normal cover of X × Y has a locally
finite cozero rectangular refinement which has a zero rectangular shrinking. If X × Y is paracompact, then it is
base-paracompact.
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{A × B: A ∈A and B ∈ B}. Then A×B is a base of X × Y with |A×B| = w(X) · w(Y) = w(X × Y).
Let O be an open cover of X × Y . Since X × Y is paracompact, O is normal. By the assumption, O has a locally
finite cozero rectangular refinement {Uλ×Vλ: λ ∈ Λ} and its zero rectangular shrinking {Cλ×Dλ: λ ∈ Λ}. Then there
are locally finite subcollectionsAλ and Bλ ofA and B, respectively, such that Cλ ⊂⋃Aλ ⊂ Uλ and Dλ ⊂⋃Bλ ⊂ Vλ
for each λ ∈ Λ. Then it is easily seen that the subcollection
{A × B: A ∈Aλ, B ∈ Bλ and λ ∈ Λ}
of A×B is a locally finite refinement of O. So A×B witnesses the base-paracompactness of X × Y . 
Theorem 3.2 and Proposition 6.1 immediately yield
Corollary 6.2. Let X and Y be base-paracompact spaces. If X × Y is paracompact and X-rectangular, then it is
base-paracompact.
Theorem 4.1 and Proposition 6.1 immediately yield
Corollary 6.3. Let X be a base-paracompact σ -space and Y a base-paracompact space. If X × Y is paracompact
and rectangular, then it is base-paracompact.
Zhong [22] actually proved that the product X × Y of a stratifiable space X and a paracompact space Y is rectan-
gular if it is (countably) paracompact. So Corollary 6.3 is an extension of [21, Corollary 4.4].
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